Motivated by the recent renewed interest in compact analog computing using light and metasurfaces (Silva, A. et al., Science 2014, 343, 160-163), we suggest a practical approach to its realization that involves reflective metasurfaces consisting of arrayed gold nanobricks atop a subwavelength-thin dielectric spacer and optically-thick gold film, a configuration that supports gap-surface plasmon resonances. Using well established numerical routines, we demonstrate that these metasurfaces enable independent control of the light phase and amplitude, and design differentiator and integrator metasurfaces featuring realistic system parameters. Proofof-principle experiments are reported along with the successful realization of a high-quality poor-man's integrator metasurface operating at the wavelength of 800 nm.
In the quest to fully control light at the nanoscale, the year 2000 marks a new epoch in studying light-matter interactions, as researchers, fascinated by the experimental verification of negative refraction 1 and the theoretical work on perfect lensing, 2 in copious amounts ventured into the field of man-made materials, i.e., metamaterials. More than a decade later, several groundbreaking applications have been suggested and verified, such as super-resolution imaging, 3 invisibility cloaks, 4 and metamaterial nanocircuits. 5 In any case, however, and especially at optical frequencies, the general usage of metamaterials seem hindered by difficulties in fabrication and too high losses.
As a way to circumvent the drawbacks of metamaterials, the two-dimensional analog, known as metasurfaces, have attracted increasing attention in recent years. 6 Metasurfaces are characterized by a subwavelength thickness in the direction of propagation, while the transverse plane typically consists of an array of metallic scatterers with subwavelength periodicity. Generally speaking, metasurfaces function as interface discontinuities which, depending on size, shape and composition of scatterers, allow for an abrupt change in the amplitude and/or phase of the impinging light. 7 It should be noted that a single layer of scatterers (due to their Lorentzian-shaped polarizability) only allow for full 2π-phase control of the cross-polarized light component, 8 meaning that such metasurfaces have a theoretical efficiency of maximum 25%, 9 though most realizations show efficiencies of a few percent. 10, 11 In order to improve the efficiency of plasmonic metasurfaces, the low-frequency concept of transmit-and reflectarrays has been generalized and adopted to the visible and infrared regimes, where metasurfaces working in transmission consist of several layers in order to reach full phase control and proper impedance matching with surroundings. 9, 12 Accordingly, such metasurfaces are quite complex to fabricate at near-infrared and visible frequencies, with a moderate efficiency of ∼ 20 − 50% due to Ohmic losses in the metal. 13, 14 A different approach that works in reflection, which is easy to fabricate and show efficiencies up to ∼ 80% for visible light, consists of a periodic arrangement of metal nanobricks on top of a sub-wavelength thin dielectric spacer and optically thick metal film (see inset in Figure 2a ). The full phase and amplitude control of the reflected light are reached by the excitation of gap-surface plasmons (GSPs) that propagate in the gap between the metal film and nanobricks, hence experiencing Fabry-Perot-like resonances due to multiple reflections at nanobrick boundaries. 15 As the GSP mode becomes increasingly confined to the gap for decreasing spacer thickness, it is clear that strong modulation in reflection amplitude can be reached, both spectrally and spatially, by a proper variation in nanobrick sizes along the metasurface, allowing one to design broadband super-absorbers 16 or surfaces for color printing with subwavelength resolution. 17 In the other regime of weakly confined GSP modes, the metasurface remains reflective at and around the GSP resonance wavelength despite strong variation in reflection phase, thus permitting the construction of efficient wave plates, [18] [19] [20] [21] focusing mirrors, 22, 23 blazed gratings, 24 and unidirectional surface wave couplers. 25 Note that the latter two functionalities are obtained by varying the reflection phase linearly along the metasurface (keeping the reflection amplitude close to one and constant), whereas flat focusing mirrors require a parabolic phase profile. More importantly, GSP-based birefringent metasurfaces may be used to independently manipulate orthogonal polarizations, that being either in the context of polarization beam-splitters, 26, 27 surface wave excitation, 28 or holography. 29 In the above mentioned applications of gradient (i.e., inhomogeneous) metasurfaces the considered functionalities are based on either position-dependent reflection amplitude or phase. However, within the important topic of light-based compact analog computing, metasurfaces performing mathematical operations have to exhibit position-dependent amplitude and phase response. 30, 31 Note that metasurfaces that would enable independent control of the light phase and amplitude have so far not been realized in the optical domain. 7 The question then naturally arises whether GSP-based metasurfaces, despite their simplicity, could also represent an elegant way to design computing metasurfaces that allow for realization in the optical regime. The answer is 'yes', as will be confirmed in this Letter. Here, we design and verify by numerical calculations GSP-based metasurfaces that perform differentiation and integration at the light wavelength λ = 800 nm, while proof-of-concept experiments demonstrate the feasibility of realization.
Let us start by reviewing the general idea of computing metasurfaces which is based on the mathematical similarity between convolution in Fourier space (between the system's impulse re-sponse and input function) and monochromatic wave interaction with metasurface, together with the Fourier-transforming property of lenses. For a linear space invariant system, described by the two-dimensional impulse response g(x, y), the output w(x, y) for an arbitrarily input function f (x, y) is given by the convolution w(x, y) = g(x − x , y − y ) f (x , y )dx dy or, equivalently,
where (I)FT means (inverse) spatial Fourier transform, and G(k x , k y ) = FT{g(x, y)} with (k x ,k y ) being the spatial frequency variables. Limiting our discussion to the system sketched in Figure 1 , it is evident that the expression describing the reflected field E r (x, y),
is mathematically related to equation ??, with the incident field E(x, y) being the input function, the real-space coordinates (x, y) at the metasurface represent (k x ,k y ), and the position-dependent reflection coefficient r(x, y) is G(k x , k y ). Note that the system in Figure 1 only includes a single FT-block, which in typical setups represent a regular lens or, for compactness, a graded-index lens 30, 31 or even a focusing metasurface. 32 In any case, the output will, in comparison to equation
??, be w(−x, −y) due to the application of FT twice.
In order for the system in Figure 1 to perform mathematical operations the reflection coefficient r(x, y) must mimic the form of the operation in Fourier space. For example, one-dimensional spatial differentiation ∂ /∂ x transforms to ik x in Fourier space, meaning the appropriate r(x, y) = r(x) will be
where −L ≤ x ≤ L, 2L is the size of the metasurface, and r m ≤ 1 is the maximum achievable reflection amplitude. It should be noted that the limited value of the reflection amplitude (between ∼ 0 and r m ) illustrates the fact that calculus-metasurfaces output scaled functions compared to the exact mathematical operation. In the case of one-dimensional integration, described by (ik x ) −1 in Fourier space, one needs to handle the singularity at k x = 0 when designing the corresponding metasurface. Following the previous suggested approach, 31 we implement the reflection coeffi-
where d L defines a region near the center of the metasurface with constant reflectivity r m .
In an attempt to realize equations ?? and ?? with easy-to-fabricate metasurfaces, we first numerically study the reflection from GSP-based homogeneous metasurfaces at a wavelength of As seen in Figure 2a , the carefully chosen geometrical parameters allow for a strong variation in the reflection amplitude near the GSP-resonance for a normal incident x-polarized plane wave when varying the widths (L x and L y ) of the nanobrick. Moreover, it is clear that the two contour lines of the reflection phase, with a π-phase difference, intersect a large span of the reflection amplitude variation due to a weakening of the GSP-resonance for increasing nanobrick size in the direction perpendicular to excitation (i.e., increase in L y ). Accordingly, by the assumption that the interaction between neighboring nanobricks is weak, a fact that has been verified in previous studies of GSP-based metasurfaces, 27 we can design inhomogeneous calculus metasurfaces, defined It is worth noting that despite the seemingly continuous reflection profiles in Figure 2b , the reflection is only controlled along the x-direction in integer steps of Λ, corresponding to the positions of the nanobricks. Additionally, as already mentioned, the integrator metasurfaces only approximate the operation for small k x -values. In order to better judge on the influence of those imperfections in metasurface performance, we turn to numerical calculations of realistic 50 × 50 µm 2 metasurfaces consisting of ∼ 40, 000 nanobricks. Since such large metasurfaces are too computationally demanding in our current hardware setup, we resort to simpler point-dipole calculations 34 in which each nanobrick is modeled as an electric dipole with dipole moment p(x, y) ∝ r(x)FT{E(x, y)}x, with the electric far-field representing the reflected field from the metasurfaces. For ease of comparison with previous work on computing-metasurfaces, 31 we study a x-polarized incident wave with spatial smooth variation E(x, y) = ax exp (−x 2 /b − y 2 /c), where a, b, c are positive constants.
The FT-field incident on the metasurfaces in the following calculations is depicted in Figures 3a and 3b, thus demonstrating that parameters are chosen so that practically all spatial frequency components are within the size of the metasurface. Regarding the differentiator metasurface, Figure 3c displays the normalized electric far-field in the xy-plane (evaluated at a distance of z = 10 mm away from the metasurface), with the corresponding center-line cross-cut shown in Figure 3d . Note that for ease of visualization the electric field has been multiplied by a phase factor exp(iφ ) to ensure a pure real field at the evaluation plane (see Figure 3d ). That said, the designed metasurface shows excellent performance, demonstrating a reflected field whose spatial variation is in perfect agreement with the exact x-derivative of E(x, y) ( Figure 3d ). The integrator metasurface also displays good functionality (Figures 3e and 3f ), but it is clear that a slight overshoot is seen in the electric field away from the main lobe. This discrepancy from the exact integral is attributed to the plateau of constant reflectivity near the center of the metasurface; a conclusion that seems reasonable in light of the improved performance when decreasing d (Figure 3f ).
With the above numerical calculations illustrating the possibility to perform mathematical operations on incident light using GSP-based metasurfaces, we now move onto the proof-of-concept realization of differentiator and integrator metasurfaces. Figures 4a and 4b display representative images of the designed and lithographically fabricated metasurfaces. In general, we see reasonable correlation between designed and fabricated metasurfaces, though discrepancies are also clearly visible. For example, the aspect ratio of fabricated nanobricks are typically smaller than in the design due to the narrow dimension becoming too wide. As a way of probing the quality of the fabricated metasurfaces, we record the intensity of reflected light when metasurfaces are homogeneously illuminated at λ = 800 nm (Figures 4c and 4d) . In both cases, we see noticeable discrepancies from the expected (when using ideally fabricated metasurfaces) responses. Here, it is implied that ideally fabricated metasurfaces should not only reproduce exactly designed geometrical parameters but also rely on gold exhibiting the susceptibility as tabulated. 33 It is therefore clear that the fabrication of ideal gradient metasurfaces is a very challenging task as, for example, additional loss is often associated with grained gold nanostructures. 35 Nevertheless, our previous experiments indicated certain robustness of metasurface functionalities towards imperfections, 23,27,28 and we proceeded investigating the fabricated metasurfaces with respect to their ability to differentiate and integrate incident fields with step-like wave profiles -a test case containing high spatial frequencies and, thus, constituting a relevant benchmark. The experimental setup is shown in Figure 5a , consisting of a titanium-sapphire laser at λ = 800 nm whose beam, after proper expansion and propagation through the object, is focused onto the metasurface by a ×50 objective, with the re- Figure 7b , and it should consist of four equally-sized homogeneous metasurfaces, with the two areas constituting the center part being highly reflective (A2 and A3 in Figure 7b) , while the outermost areas should absorb most the the incident light (A1 and A4 in Figure 7b) . Moreover, the two halves of the metasurface reflect light with a π-phase difference, hence making the configuration to perform as an integratorlike metasurface and not just as a low-pass filter. By careful optimization of fabricated nanobrick dimensions we succeeded in realizing a high-quality poor-man's integrator metasurface, with examples of the four nanobrick arrays constituting the metasurface imaged in Figure 7a . Importantly, the two highly reflective areas of the metasurface (A2 and A3) contain nanobricks of markedly different sizes, hereby indicating (in accordance with Figure 2a ) a noticeable difference in the phase of the reflected light. This is indeed the case, as seen in the intensity of the reflected light from homogeneous illumination of the metasurface (Figure 7b) , featuring approximately the same reflectivity in the two center parts, while an approximately π-phase difference in the reflection phase is visualized by a strong dip in reflection at the border between the two center parts due to destructive interference in their responses. The outer areas of the metasurface show strongly reduced reflectivity in accordance with our design. When using the same input wave as in previous experiments, Figure 7c displays the far-field intensity of the reflected light, demonstrating a fairly good agreement with the ideal (i.e., in accordance with numerical simulations) performance (dashed line). It should be elucidated that a weak dip seen at the center of the main lobe is a result of interference with high-spatial frequencies being reflected from the surrounding gold film, as discussed in relation to Figure 6 . Finally, it is worth noting the overall good agreement in the response from the originally designed integrator (Figure 6d ) and the poor man's version ( Figure   7c ; dashed line). Realizing, however, that such approximations are typically involved in the design of holograms, 36, 37 it seems natural that similar simplifications can also be successfully applied to calculus operations.
In conclusion, we have proposed, designed, and by numerical calculations verified the first metasurface configuration that allows for mathematical operations on incident electromagnetic waves at visible wavelengths. The configuration is based on GSP-based metasurfaces, [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] thus working in a reflection setup, which results in relatively simple designs, realizable in one step of electron beam lithography. Proof-of-concept experiments have been conducted on differentiator and integrator metasurfaces, demonstrating in both cases features of the designed functionality. We foresee that the presented approach stimulates further experiments perfecting the considered functionalities as well as new developments, including transfer to other frequency ranges and extension to other mathematical operations, such as, e.g., the second derivative for application within ultrafast edge detection. Moreover, the possibility to control both the amplitude and phase of the reflected light with GSP-based metasurfaces may find applications within synthesis of complex wave shapes 7 and information storage in true (i.e., amplitude and phase modulated) holograms. 36, 37 Notes
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